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The number of similarity relations on a totally ordered set of n elements is 
shown to be C,, , the nth Catalan number. By means of a graph theoretic distinc- 
tion between connected and disconnected similarity relations, the number g(n) of 
similarity relations on a totally ordered set of n elements under which each 
element is related to at least one other element is found to be (for n > 2), 2g(n) = 
~~~~ (-$dCn-i . Various other classes of similarity relations, including the class 
of those under which each element is related to at least k other elements (k > l), 
are considered. 
1. DEFINITIONS AND NOTATION 
Let S be a partially ordered set with partial order <; then a similarity 
relation R on S is a relation on S with the properties: (i) R is symmetric, for 
x, y in S, yRx whenever xRy; (ii) R is reflexive, for x in S, xRx; and (iii) for 
x, y in S with x < y, if xRy then xRz, zRy for all z in S such that x < z < y. 
The similarity relation R is transitive if, in addition, (iv) for x, y, z in S, xRz 
whenever xRy, yRz. 
We consider here similarity relations on a finite totally ordered set S = 
{xi} (1 < i < n) of IZ distinct elements, with ordering 
Xl < x2 < ... < x, 
and, in what follows, any set (unless otherwise specified) is of this form. Thus 
S may, and will, be identified with n distinct points on a straight line, ordered 
by the line and numbered 1 to IZ from left to right. 
Given a similarity relation R on S, a graph, T(R), with the II points of S as 
vertices may be constructed by joining point i to point j if xiRxj . The proper- 
ties of R have implications for T(R): (a) since R is symmetric F(R) may, and 
will, be regarded as undirected; (b) since R is reflexive r(R) has a loop at 
each vertex which may, and will, without loss, be suppressed; (c) finally if i 
is joined to,i in I’(R) then, by property (iii), the complete graph on the vertices 
{i,...,i} is a subgraph of r(R) and, in particular, if xIRx, , then r(R) is the 
complete graph K, on the vertices. 
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The equivalence between similarity relations and these graphs is not deep 
but is suggestive, allowing us to borrow graph theoretical terms. For example, 
if each element of S is related under R to at least k other elements of S then 
all the vertices of r(R) have valence at least k (disregarding the loops) so that, 
by extension, we may speak of R as having valence at least k. Cor- 
respondingly, if an element of S is not related under R to any other element 
of S it is called isolated. In the same manner, a similarity relation R is called 
connected if (v) r(R) is connected and is otherwise disconnected; this last 
distinction is particularly significant in our work. (In case S has only one 
element, we regard I’(R) as disconnected.) 
2. STATEMENT OF RESULTS 
We begin by investigating the numbersf(n),f,( n andfd(n) of (respectively) ), 
similarity, connected, and disconnected similarity relations on a set of IZ 
elements and show that 
where C, is the nth Catalan number [S, sequence 5771 given by 
c, = L-(2”) 
n+l n n 3 0. 
It follows, of course, that 
but we also establish the convolution identity 
n-1 
h(n) = ./In - 1) + 1 fe(r> f(n - r), 
r=2 
n 3 3. (4) 
We repeat the analysis on the class of similarity relations of valence at 
least 1. If g(n) is the number of these and g,(n), g,(n) are the numbers of 
(respectively) connected and disconnected similarity relations of valence at 
least 1, then 
g(n) = gdn> + g&L n 2 1, 
g,(n) = h(n) = Cl , 12 > 2, (5) 
n-2 
g&4 = r12 gdr> dn - r), n > 4, (6) 
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from which we deduce that 
gc(n + 1) = a?(n) + g(n - l), n 3 2 (7) 
and so 
n-2 n-2 
2g(n) = c (-g)i g,(n + 1 - i) = c (-&)i cnLi ) n 2 2. (8) 
i=O i=O 
We also consider the class of similarity relations of valence at least k for 
k > 1 and indicate how the above results may be generalized and extended, 
thereby giving some answer to a question of Shapiro [4]. We show that the 
numbers of similarity relations of valence at least k on a set of (n + k - I) 
elements (n, k > 1) having certain properties are again g(n), gc(n), and gd(n). 
We show further that if h(n) is the number of similarity relations of valence at 
least 2 on a set of n elements then 
5/s(n) + 4h(n - 1) + 4h(n - 2) = c, ) n 3 3. (9) 
For the number t&) of transitive similarity relations of valence at least k 
on a set of n elements we obtain the recurrence relation 
tk(n) = t,(n - 1) + tk(n - k - l), n>k+2&2. (10) 
Similarity relations were considered by Fine [2], in his work on extra- 
polation from restricted data where he was chiefly concerned with similarity 
relations of valence at least 1 on a totally ordered set. But his analysis was 
incomplete and he gave no closed formulas. Shapiro [4] pointed out the 
connection (7), (8) between the Catalan numbers and the g(n) but without 
proof. 
The method of proof employed here is similar to that of Fine [2] but the 
distinction between connected and disconnected similarity relations enables 
us to obtain the more exact results above. However, the proof of (1) is still 
circuitous, depending on the additive properties of an array of numbers 
{f(n, s)} (see Section 3). In a linal section (Section 9), we show that, by 
modifying the defining property (iii) of similarity relations, we obtain another 
class of relations for which the number on a set of n elements is C, but with 
the proof now depending on the well-known convolution identity for the 
Catalan numbers 
3. SIMILARITY RELATIONS 
Consider, first of all, the set of all similarity relations on a set S of n 
elements. Let F(n, n - r) (I < r < n) be the set of all such relations R for 
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which r is the greatest integer m with x,Rx,,,; and let f(n, s) be the number of 
relations in F(n, s). It is easy to determine f(n, n - r) for certain values of r. 
For example, if r = I, then x1 is isolated and R restricted to S\{x,} may be 
any similarity relation, so 
f(4 n - 1) =f(n - l), n > 2. 
At the other end, if r = n, then r(R) is the complete graph K, , so 
fh 0) = 1, n 3 1. (13) 
Proceeding more systematically, for 1 < r < n, if R is in Qn, n - r) then 
qRx, for some r < m < n. If i is the largest such m, then, considering R 
restricted to S\(x,}, the problem reduces to the case with parameters n - 1, 
(n - 1) - (i - 1) = n - i so that there are f(n - 1, n - i) such relations. 
Since the values of i give a partition of F(n, n - r) we have 
f(n, n - r) = i f(n - 1, n - I), n>r>l 
i=r 
=f(n-l,n-r)+ f f(n-I,/?-.i) 
i=Hl 
so 
fh 4 =f(n - 1,s) +fh s - 11, n>s+l:>l. (14) 
Similarly 
f(n, n - 1) =f(n, n - 2) n>2 (15) 
and 
f(n, 0) = f(n - LO) n 3 2, 
from which, since f(l, 0) = 1, we reobtain (13). It follows that (compare 
[7, pp. 168-1941) 
n-s nfs-I 
f(n, s) = - n ( 1 s ) n>s>O. 
Now, since the set of all similarity relations may be partitioned according 
to F(n, n - r)(l < r < n), 
f(n)= tf(n,n-r)=f(n+l,n) 
T=l 
in agreement with (12), and so 
f(n) = + (fy) = c, , n > 1. (17) 
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4. CONNECTED SIMILARITY RELATIONS 
Exactly the same analysis holds if we now restrict out attention only to 
connected similarity relations. If f&z, 12 - r), 1 < r < n, is the number of 
connected similarity relations on a set of (n + 1) elements where r is the 
largest integer m for which x,Rx,+, (m 2 1 as the relation is connected) then 
f&~, s) also satisfies (13)~(15) and hence, as before, 
and 
.f,(n + 1) = i feh n - f-1 = C, , n > 1. (18) 
r=1 
Since the connected similarity relations of valence at least 1 are just the 
connected similarity relations, (5) now follows. 
5. DISCONNECTED SIMILARITY RELATIONS 
If R is a disconnected similarity relation on a set of 12 elements then for 
some m, 1 < m < 12, the subgraph of F(R) on {I,..., m} is connected but not 
connected with any of the vertices m + l,..., n (m # n, as R is disconnected). 
Let fd(n, r), 1 f r < n, be the number of such relations for which r is the 
least such m and let r have this meaning in what immediately follows. 
For r = 1, x1 is isolated and R restricted to S\(x,} may be any similarity 
relation, so 
.I&, 1) =f(n - 11, n > 2. 
For 1 < r < n, R restricted to {x1 ,..., x,} may be any connected similarity 
relation while R restricted to {x,+~ ,..., x,} may be any similarity relation, so 
.hh rl =fe(r)f(n - r), 1 <r<n. 
Hence, partitioning the set of disconnected similarity relations according 
to r, 
n-1 
= f(n - 1) + C .L(r)f(n - 11, n >, 3. 
r-1 
(After manipulating (19), using (1) (3) we obtain (1 l).) 
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Now suppose that R is a disconnected similarity relation of valence at 
least 1, then again for some m, 2 < m < n - 2, the subgraph of T(R) on 
u,..., m} is connected but is not connected to any of the points m + I,..., n 
(m # 1, IZ - 1, IZ as R is disconnected but of valence at least 1). Let g&z, r), 
2 < r < n - 2 be the number of such relations R for which r is the least such 
m (r now has this meaning). 
For 2 < r < n - 2, R restricted to (x1 ,..., x,} may be any connected simi- 
larity relation of valence at least 1, while R restricted to {x,.+~ ,..~, x,} may be 
any similarity relation of valence at least 1, so 
g&, r> = b(r) dn - r>, 2<r<n-2. 
Thus, summing over r as in (19), we obtain (6). 
Finally, for completeness, letf$z) be the number of similarity relations on a 
set of n elements under which there is at least one isolated element; then, 
arguing as before, 
n-1 
J;:(n) = f(n - 1) i C g(r - l>f(fl - r> + g(n - 11, n 3 4. 
r=3 
The initial values in these three cases are. 
jxn) = fi(4 = 1; n = 1,2; .fx3) = 3; g,(n) = 0; l<n<3. 
6. SIMILARITY RELATIONS OF VALENCE AT LEAST ONE 
Since a similarity relation of valence at least 1 is either connected or 
disconnected, we have 
g(n) = g,(n) + gh). 
Hence, from (6), 
n-2 
s(n) = g&4 + C gdr> dn - r>, 
r=2 
11 > 4 (20) 
which, given (IS), is a recurrence relation for g(n). The initial values are 
g(l) = 0; g(2) = 1; g(3) = 2. 
Thus (7), (8) may be established, by induction, using (20). 
Alternatively, introducing the generating functions 
G(x) = c &I x”; G,(x) = c sc(n> xn 
?L>l ?Z>l 
we have, from (20), the functional equation 
G(x) = G,(x) + G,(x) G(x) 
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which on iteration yields, at least formally, 
CC-y) = c [GcWl”. 
ny 
From (5), (1 l), G,(x) also satisfies the functional equation 
G,(x) = (x + G,(x>)~. 
(21) 
(22) 
Manipulation of (21), using (22), leads to 
(2x f 2) G(x) + x2 = G,(x), 
from which (7) follows on comparing coefficients; and then (8) follows from 
(7). 
A more direct proof of (21) may be given by noting that if R is a similarity 
relation of valence at least 1, then T(R) is the disjoint union of its connected 
components and that [G,(x)]” is the generating function for the number of 
such relations R for which T(R) has exactly k connected components (k > 1). 
Indeed, writing 
IGcC41” = c gn-k.kXn 
n>k 
cso gn-k.k is the number of these relations on a set of IZ elements), the 
triangular array { gnek}, 1 < k < IZ, is Shapiro’s Catalan triangle and (21) 
provides the justification of Shapiro’s observations in [4] and so a proof of 
(7), (8). 
Fine, in [2], proceeded directly by considering the set of all similarity rela- 
tions of valence at least 1 on a set of n elements and showed [2, p. 3511 that if 
g(n, IZ - r), 2 < r < n, is the number of such relations R under which r is the 
largest integer m such that xlRx, then (compare (13)-(15)) 
g(n) = C gh n - r>, 
P=2 
rl >, 2; (234 
g(n, s> = g(n - 1, s> + g(4 s - 1) n>s+2>2; (32b) 
g(2,O) = g(3,O) = g(3, 1) = 1. (234 
However, he did not complete the specification of the g(n, s), omitting to note 
that 
g(n,n -2) =ge - 1) i-g@ -21, n 2 3, (234 
nor did he offer any closed expression for g(n); and indeed (23) is less tractable 
than the equations we have obtained above. 
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7. SIMILARITY RELATIONS OF LARGER VALENCE 
A similarity relation R on a set of (n + k - 1) elements (n, k > 1) is 
called k-linked if for each r, 1 < r < n, x~-~Rx~+~-~ . Thus a k-linked simi- 
larity relation has valence at least k; and a similarity relation is connected if 
and only if it is l-linked. As in previous sections, the analysis leading to 
(13)-(15) carries over to show that g&z) is the number of k-linked similarity 
relations on a set of (n + k - 1) elements. Moreover, arguing as for (6) 
g,(n) is the number of similarity relations on a set of (n + k - 1) elements of 
valence at least k for which x~-~Rx~+~-~ is false for some r, 1 < r < n, but 
not for two consecutive values of r. 
While, for k 2 2, not all similarity relations of valence at least k are of 
these kinds, the k-linked similarity relations do provide a convenient starting 
point for the enumeration of similarity relations of valence at least k. Thus, 
by way of illustration, consider h(n), the number of similarity relations of 
valence at least 2 on a set of iz elements; and let h,(n) be the number of 2- 
linked similarity relations on a set of n elements, so 
h,(n) = g,(n - 1) = C,-, , n b 3, 
h(n) = h,(n) = 0, n < 3. (24) 
Now, if R is a similarity relation of valence at least 2 on a set of n elements, 
then either R is 2-linked or there is some integer r, 3 < r < IZ - 2 such that 
R is 2-linked when restricted to {x, ,..., x,} but not when restricted to {x1 ,..., 
x,,~}. In the latter case there are three possibilities: (a) R restricted to {x, ,,.., 
x,} is of valence at least 2; (b) 3 < r < n - 3, R restricted to {x,+~ ,..., x,} is 
of valence at least 2, ~,Rx,.+~ , but x, is not related to x, for any s > r + 1; 
and (c) 3 ,< r ,< n - 3, R is disconnected and R restricted to {x,+~ ,..., x,) is 
of valence at least 2. For each r, the numbers of relations arising in each of 
these ways are, respectively: (a) h,(r) h(n + 1 - r), (3 < r < n - 2); 
(b) h,(r) h(n - r), (3 \( r < n - 3); and (c) h,(r) h(n - r), (3 < r < n - 3). 
Since these cases are exclusive and exhaustive, it follows that 
n-2 n-3 
h(n) = h,(n) + c h,(r) h(n + 1 - r) + 2 c h,(r) h(n - r), n >, 6 (25) 
1=3 r=3 
with 
h(3) = 1; h(4) = 2; h(5) = h,(5) + h,(3) h(3) = 6. 
In terms of generating functions, we have from (24), (25) 
JfL4 = C h(n) xn = U/x)(x2 + H,(x)>~, 
VZ>l 
H(x) = C h(n) xn = He(x) + ((l/x) + 2) H,(x) H(x), 
la,1 
s82a/a/I-7 
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from which it follows that 
x2(4x2 + 4x + 5) H(x) + x2(2x - 1) = J&(x). 
In turn, (9) now follows, on comparing coefficients. 
8. TRANSITIVE SIMILARITY RELATIONS 
If a similarity relation R on a set S is transitive then it is an equivalence 
relation and paritions S in such a way that r(R) is the union of connected 
components of all of which are complete graphs. If R is a transitive similarity 
relation of valence at least k 3 0, then for some m, k < m < n, T(R) 
contain the complete graph on {l,..., m}. If r, k < r < IZ, is the greatest such 
m then either r = n and r(R) is k, or k < r < n, and R restricted 
to {x,+1 ,a**, x,} may be any transitive similarity relation of valence at least k. 
So, arguing as before 
n-1 
t&2)= 1 t&--)+1, n>k+2>2, 
T-k+1 
where 
t&4 = 0, l<n<k+l; tdk + 1) = 1, k 20, 
from which (10) follows. So, for example, 
to(n) = 2+l, n b 1, 
while {tl(n)} (n > 2) is the Fibonacci sequence. 
9. CONNECTIVE RELATIONS 
A connective relation on a totally ordered set S = {xi} (1 < i < n), as 
before, is a relation on S with the properties (i) R is symmetric; (ii) R is 
reflexive; and (vi) if x,Rxj with i < j then x,Rxt for no s, t with i < s < j < t. 
We may again construct the graph r(R), making the same conventions as 
before: condition (vi) now ensures that I’(R) may be represented in a half 
plane bounded by the line of vertices in such a way that edges intersect, if at 
all, only at vertices. As such the graphs of connective relations occur in some 
work of Temperley and Lieb [6, p. 2621 where a physical interpretation in 
terms of certain modes of connecting a row of lattice points is given. The 
graphs also give a representation of planar rhyming schemes in the sense of 
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Growney [3, p. 1251, taking S to be the set of lines of an n line stanza and 
understanding by x$x, that the lines i and j rhyme. 
The classes of similarity relations and connective relations on S are equi- 
numerous. Let c(n) be the number of connective relations on S. If R is a 
connective relation on S then either x1 is isolated or xlRx, and in either case 
R restricted to S\(x,} may be any connective relation, or for some 
r, 1 < r < n, xlRx, and R restricted to {x, ,..., x,} or to (x,+~ ,..., x,} may 
be any connective relation. Hence, taking c(0) = 1, 
c(n) = i c(r - 1) c(n - r), n>l 
T=l 
(27) 
from which, on comparison with (1 l), we deduce that 
c(n) = c, . (28) 
It would be useful to have a bijection between the two classes of relations. 
Connective relations may be studied after the manner of the above study 
of similarity relations. In particular, extending the notion of valency to 
connective relations, the number a(n) of connective relations of valence at 
least 1 and the number b(n) of such relations for which, in addition, xlRx, 
(a condition analogous to connectedness) are related in much the same way 
as the numbers g(n) and g,(n) (see (5), (7)). We have, with a(l) == b(1) = 0, 
b(n) = a(n - 1) + a(n - 2), n > 3, (29) 
W) = mn-2 , n 3 2, (30) 
where m, is the nth Mot&in number [l ; 5, sequence 4561, given by 
m, = Ig ( Jr) c, ) n 3 0. (31) 
The Motzkin numbers here play a role similar to that of the Catalan numbers 
in the case of similarity relations. 
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